FIXED POINTS SUBGROUPS G"'" BY TWO INVOLUTIVE 
AUTOMORPHISMS cr, a' OF EXCEPTIONAL COMPACT LIE 
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Dedicated to Professor Ichiro Yokota on the occasion of his eightieth birthday 

Abstract. For the simply connected compact exceptional Lie group i?g, we 
determine the structure of subgroup (E^)"'" of which is the intersection 
{EsY n {EsY' . Then the space E^KEsY'"' is the exceptional Z2 x I2- 
symmetric space of type E VIII- VIII- VIII, and that we give two involutions 
a, a' for the space E^/{Eg,Y''' concretely. 

0. Introduction 

In the preceding paper [3], for the simply connected compact exceptional Lie 
groups G — F4,Eq and Et, we determined the structure of subgroups G""''" of G 
which is the intersection G'^ fl G°" . Their results were given as 

{Ee^^' = (U{1) X U{1) X Spin{8))/{Z2 x Z4), 

{Er)"'"' ^ {SU{2) X SU{2) x SU{2) x Spin{8))/{Z2 x Z2). 

In [1], a classification was given of the exceptional Z2 x Z2-symmetric spaces G/K 
where G is an exceptional compact Lie groups and Spin(8), and the structure 
of K was determined as Lie algebras. Our results correspond to the realizations 
of the exceptional Z2 x Z2-symmetric spaces with the pair (cr, ct') of commuting 
involutions of F4, Eq and E-j. To be specific, since the groups [F^Y''^ , {E(,Y''^ and 
{EiY'°' are connected from the results above, we see that the space Fi/^FiY'" , 
Eq/ [EqY''^ and Ey / {E^Y'"^ are the exceptional Z2 x Z2- symmetric spaces of type 
FILILII, Ein-IILIII and EVLVLVI, respectively. 

In the present paper, for the simply connected compact exceptional Lie group 
i?8, we consider the subgroup {E^Y'" of E^. We showed in [4] that the Lie algebra 
(es)'^''^ of {EsY'"^ is isomorphic to so(8) ©so(8) as a Lie algebra. So, it is main 
purpose to determine the structure of the subgroup (EsY'"- Out result is as follows: 

[EsY'"' = {Spin{8) X Spin{8))/{Z2 x Z2). 

The first Spin{8) is {EsY'"' C {EsY''"' and the second Spin{8) is {FiY'"' C 
{EsY''^ J where the definition of the group {Eg,Y''^ .^"(8) jg showed in section 4. On 
the exceptional Z2 x Z2-symmetric spaces for E^, there exist four types ([1]). This 
amounts to the realization of one type of these four types with the pair (cr, cr') of 
commuting involutions of Eg- 

The essential part to prove this fact is to show the connectedness of the group 
{EsY'" '^"'^^^ For this end, we need to treat the complex case, that is, we need the 
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following facts. 

^p^Cy,a' ^ Spin{8,C), 

(^P^Cy,a',Bo{i) ^ SL{2,C) X SL{2,C) X SL{2,C), 

{Er^Y'"' ^ (5i(2,C) X SL{2,C) x SL{2,C) x Spin{8,C))/{Z2 x Z2), 

(^E^cy,a' ^ {Spini8,C) X Spini8,C))/iZ2 X Z2) 

and the connectedness of (ii^g'^)"'''^ ,^o(8,C) ^ Even if some of their proofs are 
similar to the previous paper [5] and [6], we write in detail again. 

To consider the group , wc need to know some knowledge of the groiip Ej . As 
for them we refer [6] and [7] . This paper is a continuation of [3] . We use the same 
notations as [3], [6] and [7]. 

1. Lie groups Fi'^ , F4, Eq^ , Er^ , Es*^ and Es 



We describe definitions of Lie groups used in this paper 
Let 

innected 
defined by 



Let and J be the exceptional C- and il-Jordan algebras, respectively. The 
connected complex Lie group and the connected compact Lie group F4 are 



Fi'^ = {a e Isoc(3^) I a{X oY)^aXo aY}, 

F4 = {ae Isor(3) I a{X oY) = aXo aY}, 

respectively, and the simply connected complex Lie group Eq^ is given by 

= {a g Isoc(3'^) I det aX = det X}. 

We define il-linear transformations a and a' of Z by 

^1 -a;3 ~X2\ 
"Xs 6 \ , a'X = 

-X2 Xi ^3 / 

respectively. Then a, a' lE F4 C F^^ . a and a' are commutative: aa' = a' a. 
Let ^'-^ be the Freudenthal C-vector space 

in which the Freudenthal cross operation PxQ,P = [X, Y,£,r]),Q = (Z, W^, C, w) G 
is defined as follow: 

(f)=-^{XVW + ZVY) 





(^^ 


X3 


X2\ 




aX = a 


X3 




Xl 






[x2 


Xl 








PxQ = ^(j),A,B,iy) 



where X V W (z Cq is defined by 



A = -^{2Y xW-£Z-CX) 
B = ^{2X X Z - r]W - ioY) 
iy=l{{X,W) + {Z,Y)-3{Cco + Cv)), 



xyw = [x,w] + {Xow- w)Ey 

o 

here X : ^ 3*^ is defined hyXZ = XoZ,ZG ■ 
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Now, the simply connected complex Lie group E-f^ is defined by 
E-j^ = {a G Isoc(*P'^) I a{P x Q)ar^ = aP x aQ}. 
The Lie algebra ey*-^ of the group Ey''' is given by 

C7^' = {<?((/., A,B,iy)\(l)G ce^\ A,Be^^,i^€ C}. 
Naturally we have C Eq'^ c -Bt^. Finally, in a C-vector space cs*-^: 

eg"^ = er'^ © © ^P'^ e c e c e c, 

we define a Lie bracket [Ri, R2\ by 

[(^1, Pi, Qi,ri,si,ti), (#2, P2, Q2, r2, S2,t2)] = P, Q, r, s, t), 
' ^= [^i,^2]+Pi XQ2-P2 xQi 

Q = ^iP2 - ^2^1 + riP2 - r2Pl + S1Q2 - S2<3l 
P = #iQ2 - ^2Qi - nQ2 + r^Qx + ixP2 - t2Pl 

< r = -^{Pi,Q2} + ^{P2,(3l} + Sii2-S2tl 
o o 

s= ^{Pi,P2} + 2riS2-2r2Si 

^ t=-\{Qi,Q2}-2nt2 + 2r2ti, 

where {P, Q} = {X, W) - {Y, Z) + ^co- ryC, P = (X, Y,^,n),Q = (Z, W, C, w) € ^J^, 
then eg^ becomes a complex simple Lie algebra of type Es ([2]). 

We define a C-linear transformation A of eg*^ by 

X{^,P,Q,r,s,t) = {X$X-\XQ,-XP,-r,-t,^s), 

where A is a C-linear transformation of defined by X{X, Y, ^, 77) = (Y, —X, rj, —£,). 

The complex conjugation in eg*^ is denoted by r: 

t(<?, P, Q, r, s, t) = {t^t, tP, tQ, rr, ts, rt), 

where r in the right hand side is the usual complex conjugation in the complexifi- 
cation. 

Now, the connected complex Lie group E'g*" and connected compact Lie group 
Es are given by 

Es^ = {ae Isoc(e8^) |a[P,i?'] = [aR,aR']}, 
Eg = {ae Es'^ I rAaAr = a} = {Es^Y^, 

respectively. 

For a e Er^ , the mapping a : eg*^ — >■ eg*^ is defined by 

a{$, P, Q, r, s, t) = {a^a~^, aP, aQ, r, s, t), 

then a G Eg^ , so a and a will be identified. The group Es*^ contains E^*-^ as a 
subgroup by 

Er'^ = {5 e £^8^ I a e £;7^} 

= (-E-B*" ) (0,0, 0,1, 0,0), (0,0, 0,0, 1,0), (0,0, 0,0, 0,1)- 
Similarly, Ey C E^- In particular, elements a, a' of F4 are also elements of Es C 
Es'^ ■ Therefore the actions of a and a' on eg*^ are given as 

a{^,P,Q,r,s,t) = {a^a~^,aP,aQ,r,s,t), 
a'{^,P,Q,r,s,t) = {a'^a'-\a'P,a'Q,r,s,t). 
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Hereafter, in eg*^, we shall use the following notations. 

#=(#,0,0,0,0,0), P- = (0,P,0,0,0,0), O_ = (0,0,Q, 0,0,0), 
r = (0, 0, 0, r, 0, 0), s" = (0, 0, 0, 0, s, 0), i_ = (0, 0, 0, 0, 0, t). 



2. The group (F^^')"^'^ 

We shall investigate the structure of a subgroup (^4'^)'^''^' of the group Fi^: 
^p^Cy,a' = {q, g p^c I ^ aa,a'a = aa'}. 

Lemma 2.1. In the Lie algebra f4*^ of the group F^^ : 

= {5& Homc(a^) I 5{XoY) = 5XoY + Xo SY], 
the Lie algebra {^/^^''Y''^ of the group {Fi'Y''' is isomorphic to 5pin(8, C): 

{U^'r'^' -spin(8,C)=so(8,C). 
The action of D = {Di, D2, D^) e spin(8, C) on is given by 





X3 




r- 

X3 






\X2 


Xl 





D3{X3) D2{x2r 



D3{X3) Di{xi) 
Mx2) Di{xi) 

where D\,D2,D3 are elements o/so(8, C) satisfying 



Di{x)y + xD2{y) = Dsixy), x,y&e^. 

Theorem 2.2. [Fi^Y^"' ^ Spin{S, C). 

Proof. Let Spin{8, C) be the group defined by 

{(ai, aa, as) € 5*0(8, C) x 50(8, C) x 50(8, O) | {aix){a2y) a3(xy), x,y G C*^} 
(cf.[7] Theorem 1.47). Now, we define a mapping (p : Spinas, C) (F^^Y'"' by 

Cl 0:3X3 a2X2\ 
0:3X3 ^2 OL\X\ . 

a2X2 aiXi ^3 J 

if is wcll-dcfincd: ip{ai, 02- a^) G (^4'^)°^''^ . Clearly ip is a homomorphism and 
injective. Since (F4^)''^''' = {{Fi^YY' = iSpin{9,C)Y' ([6] Theorem 2.4.3) is 
connected and dimc((f4'^)'^''^ ) = dimc(spin(8, 0)) (Lemma 2.1), <p is onto. Thus 
we have the required isomorphism (F4*")'^''^ = Spin{8,C). □ 





X3 




3:3 






\X2 


Xl 





3. The groups {Er'^Y'''' and (Er'^yy.M^.C) 

The aim of this section is to show the connectedness of the group {E'j'~^Y''' '^"(^■'-^l 
Now, we define subgroups {Er'^Y''^' and {Er^Y'"^' of t^e group E-r^ respec- 
tively by 

{Ej^Y'"^' = {a e Er'^ \ aa = aa, a' a = aa'}, 
(^E^Cy,a',M&<c) = {q! e {Er^Y'"' I ^Da = a^o for all D e 50(8, C)}, 
where = {D, 0, 0, 0) G ey*^, e 50(8, 0) = {f4'^Y'''' ■ 
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Lemma 3.1. (1) The Lie algebra {^^'^^Y'''' of the group [Ej^Y''^' is given by 

( ^ ^ ^, B are diagonal forms, e C j 

(2) The Lie algebra (eyC^rr.a'.soCs.c) ^f^^ g^^^^p (^^^Cy,^' ,bo{s,c) g^^^^ 

(e^C'-)cr,o-',so(8,C) 

= G {tj'^Y'"' I = for all D e so{S, C)} 

= f,T = diag(Ti , ra , Ts) e 5^, Tfe e C, 



/n particular, we have 



n +T2 +T3 = 0,A = diag(ai, a2, 0:3) & Z'^ , 
akGC,B = diag(/3i, /32, /Js) e J^, /3fc G C 



dimc((e7^)"'"''"''*'^') = 2 + 3x2 + 1 = 9. 

In the Lie algebra er'-', we define 

K = ^{-2Ei V £1, 0, 0, -1), n = ^(0, El, EuO), 
and we define the group {Ef'-'Y'^ by 

{Er^Y"'^ = {a G iJy*^ | Ka = aK,iJ.a = a/j.}. 

Note that if a G Ei'^ satisfies na = aK, then a automatically satisfies aa = aa 

because —a = exp(7rifi;),i G C, = —1. 

Lemma 3.2. For A G SL(2,C) = {A G M(2,C)|detA = 1}, we define C- 
linear transformations 4>k{A),k = 1, 2, 3 of^^ by 

73/ 

. fCl X's M y'3 ¥2\ . 

\^'2 ^'1 e'3/ Vy'2 y'l V3/ 













y2\ 








^3 


V2 




V^2 






\V2 


Vl 





y'kj \ykJ ' \y'k+J \yk+ij ' \y'k+2 



^ f Xk+2\ 

\yk+2) 



[where indices are considered as mod 3). Then (j)k{A) G {E^'^Y''^' '^"^^''^^ C {Er'-^Y'"'- 
Moreover, ^k{A) G ((Ej'^Y'^y' '^"''^''^^ C ((Ey'^)'^''')'^' /or A; = 2,3. 

Proposition 3.3. (Er^Y = {SL{2,C) x 5'pm(12, C))/Z2, Z2 = {(£;, 1), (-i;, 
-a)}. 

Proo/. Let 6'pm(12,C) = {Er'^Y'^ ([6] Proposition 4.6.10) C {Er'^Y- We define a 
mapping ipi : SL{2,C) x 5^171(12, C) (£7'^)" by 

</9l(Ai,5) = M^i)^- 

Then we have this proposition (see [6] Theorem 4.6.13 for details). □ 
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Lemma 3.4. The Lie algebra ((ct'^)'^'^)'"' of the group {{E^^Y'^^Y' is given by 

(j) e {te^Y'"' ,A,B €Z^,aA = a'A = A, 
{Ei,A) = 0,aB = a'B = B, {Ei,B) = 0, 



${4>,A,B,ij) e tr'^ 
In particular, we have 



v = -^{<i)EuE^) 



dimc(((e7'^)'*''')''') = 30 + 2 x 2 = 34. 

Proposition 3.5. {{E^'^Y^^'Y' ^ (S'L(2,C) x SL{2,C) x Spin{%,C))l Z2,Z2 
= {{E,E,1),{-E,-E,<j)}. 

Proof. Let 5pm(8, C) = {fY^Y'"' = {Spin{9, C)Y' C {Spin{12, C)Y' = {{Er^Y ''")'"'■ 
Now, we define a mapping <fi2 : 51.(2, C) x SL{2,C) x Spin{8,C) {{Er^Y'^'Y' 
by 

^32(^2,^3,/?) = </'2(^2)</'3(A3)/3- 

((92 is well-defined: (^2(^2,^3,/?) S {{E^^Y''")'"' (Lemma 3.2). Since ^2 (^2), 03(^3) 
and /3 commute with each other, 992 is a homomorphism. Ker(/52 = {iE,E,l), 
{-E,~E,(t)} = Z2. Since {{Er'^Y'")"' = (5'pm(12, C))'"' is connected and 
dimc(((e7^)'"^^)^') = 34(Lemma 3.4) = 3 + 3 + 28 = dimc(sl(2, C) ® s((2, C) ® 
so(8,C)), (p2 is onto. Thus we have the required isomorphism {{E'j'''Y'^Y' — 
{SL{2, C) X SL{2, C) X Spin{S, C))/Z2. □ 

Theorem 3.6. {eY'Y'"' = {SL{2,C) x 51.(2, C) x 5L(2,C) x 5pm(8,C)) 
/{Z2 X Z2),Z2 X Z2 = {{E,E,E,1),{E,-E,-E,a)} x {{E,E,E,1),{-E,-E, 
E,a')}. 

Proof Let Spin{8,C) = {Fi^Y'"' (Theorem 2.2) C {E^^Y'"' ■ We define a map- 
ping (p : SL{2, C) X 5i(2, C) x 5i(2, C) x 5pm(8, C) ^ (£;7^)'"''^' by 

(^(.41,^2, A3, /3) - M^i)MA2)MA3)P- 

(/? is well-defined: (p{Ai, A2, A3, l3) G (£;7'^)'^^'^' (Lemma 3.2). Since (?!)i(Ai), 02 (A2), 
'^'3(^3) and /? commute with each other, is a homomorpiiism. We shall show 
that (p is onto. For a e {E^^Y'"' ^ {Ei'^Y^ there exist Ai e SL{2,C) and 
6 € Spin{12,C) such that a = (j)i{Ai)6 (Proposition 3.3). From the condition 
a'aa' = a, that is, a'(pi{Ai,d)a' = ipi{Ai,S), we have (fii{Ai,a'da') = ipi{Ai,S). 
Hence 

i Ai^A, f = -Ai 

I a'Sa' = 6, °^ I a' 5a' = -aS. 

The latter case is impossible because Ai = —Ai is false. In the first case, from 
a'Sa' = 6, we have S G (5pm(12, C))*"' = ((£;7^)'*'^)'^' . Hence there exist A2, A3 G 
5X(2, C) and /3 G 5pm(8, C) such that S = (/)2(A2)</>3(A3)/3 (Proposition 3.5). Then 

a = MAi)5 = 4>Mi)MA2)M^3)l3 = ^(Ai, A2, A3,/3). 
Therefore is onto. It is not difficult to see that 

Ker.^ = {{E,E,E,l),{E,-E,-E,a),{-E,E,-E,aa'),{-E,-E,E,a')} 
= {{E, E, E, 1), {E, -E, -E, a)} x {{E, E, E, 1), {-E, -E, E, a')} 
= Z2X Z2. 
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Thus we have the required isomorphism {E^'^y^"'?^ {SL{2, C) xSL{2,C)x SL{2, C) 
xSpin{8,C)) /{Z^x Z2). □ 

Now, we determine the structure of the subgroup (E7<^)<^><^''«''(8'C) of Er^ . 
Theorem 3.7. (^E^^y,'^' ,M»,C) ^ g^2, C) x SL{2, C) x SL{2, C). 
In particular, [E-j^Y''^' '^°'^^'^'> is connected. 

Proof. We define a mapping ip : SL{2, C) x SL{2, C) x SL{2, C) (^Er'^y,y,Ms,c) 
by 

<p{Ai,A2,A3) = 01 (Ai) .^2(^2 ) 03(^3 )• 

{(f is the restricted mapping of (f of Theorem 3.6). (f is well-defined: (p{Ai,A2, 

A3) e (E7^y^'^',M»,c) (Lemma 3.2). Since dimc(s[(2, C) © s[(2, C) © s[(2, C)) = 
3 + 3 + 3 = 9 = dimc((e7<^)'^''^'''"'(^'<^)) (Lemma 3.1), Ker^j is discrete. Hence 
Kenp is contained in the center z{SL(2,C) x SL{2,C) x SL{2,C)) = {(±£;,±£;, 
iE)}. However, (p maps these elements to ±1, ±cr, icr', icrcr'. Hence Kei(p = 
{{E,E,E)}, that is, ip is injective. Finally, we shall show that (p is onto. For a £ 
(Er^y,<^',Ms,c) ^ (^Er^yy^ ^j^^j.^ g^jg^ AuA2, A3 e SL{2, C) and /3 e Spin{8, C) 
such that a = (p{Ai, A2, A3, (3) (Theorem 3.6). From 'Pna = a<pD, we have ^d/? = 
P<Pd for all D G so(8,C), that is, /3 is contained in the center ^((^4'^)'^''^') = 
z{Spini8,C)) = {l,a,a',aa'}. However, a = (t)i{E)(t)2{-E)(t>3i^E),a' = (t>i{-E) 
(l>2{-E)ME), so l,a,a',aa' e MSH2,C)) ^!.2(5L(2, C))03(5L(2, C)). Hence we 
see that if is onto. Thus we have the required isomorphism (£'7'^)'^''^ .so(8,c) ^ 
SL{2, C) X SL{2, C) xSL{2, C). □ 



4. Connectedness of the group (£;gC')<^.<^'.^"'(8,c) 
We define a subgroup (Es'^Y'"''^"^^''^^ of the group {Es'^')"'"' by 



C\o-,(j',so(8,C) 



a G Es 



c 



aa = aa, a' a = aa', 



9{RD)a = aOiRn) for all D e 50(8, C) 



where Rd = (<?z), 0, 0, 0, 0, 0) E e/' and 9{Rd) means ad(i?£)). Hereafter for 

R e es'^, we denote ad(/?) by 0{R). 

To prove the connectedness of the group (£'3'")'^''^ ,so(s,c)^ ^j^g method 

used in [5]. However, we write this method in detail again. Firstly, we consider a 

subgroup ((^8C)'^.<^'.«''(8.C))i_ of (£!8C)<T,a',50(8,C). 

((£gC)a,a',so(8,C))^_ ^ 1^ g {Es^y'^'''°(^'C)\al- = 1_}. 



Liemma 4.1. (1) The Lie algebra {{tg'^Y'''' 'M8,C)^^_ the group 

{{Es'^y''''''°'^^'^'>)i_ is given by 



= |(^,0,Q,0,0,t)Ge8^ 



aR = R, a'R = R, 

[Rd,R] = for all D e so(8,C), = 



e (e7^)^'^''^''(«'^),Q = {Z,W,C,co), 
Z, W are diagonal forms, C^'^^t G C* 
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In particular, 



dimc(((e8^)"'"''^"(''^')i_) =9 + 8 + 1 = 18. 



(2) The Lie algebra (^^^Cy,a',Boi8,c) ^j-^/^g ^^^^^ (^^^Cyy ,so(8,c) ^j^g„ 

(■ggC)a,o-',so(8,C) 

cri? = R, a'R = R, ') 
[Rd, R]=0 for all D G so(8, C) J 

^ e (g^C-)Cr,cr',50(8,C)^ 

P p=(x,r,e,r]),Q = (z,w^,C,^), 

X, Y, Z, W are diagonal forms, 



= < 



{^,P,Q,r,s,t) G eg 



> . 



In the following proposition, wc denote by the subspacc of ^p*^: 

= {{X, Y, 77) € I X, r are diagonal forms, ^, ?y € C}. 



Proposition 4.2. The group ((£;g'^)'^''^''*''(*'<^))i_ is a semi-direct product of 
groups exp(6l(((q}'^)d) 8 C-)) and (iJ^c^^.a'.soCs.c). 

((^gC)a,a',.o(8,c))^_ ^ exp(0(((q}^)d) e • (Er^yy,M8,c)^ 
In particular, {{Es^)''''^' is connected. 

Proof. Let © C_) = {(0, 0, Q, 0, 0, i) | Q e e C} be the subal- 
gebra of ((^^Cyy ,bo{8,C)^^_ (Lemma 4.1.(1)). From [Q-,t^] = 0, 0{Q-) com- 
mutes with 0{t-). Hence we have exp(6'((5_ + t-)) = exp(6'((5_)) exp(6'(i_)). 
Therefore exp(6>(((<p'^)d)- © C_)) is a subgroup of ((iJs'^)'^''^''^''^^'*^))!-. Now, let 
a e ((£;8^)'"''^''^''(*''^))i_ and set 

al = (<P.P,Q,r,s,t), al- = (<?i, Fi, Qi, ri, sj, ti). 

Then from the relation [al, 1-] = a[T, 1_] = -2al_ = -21_, [al", 1_] =a[l-,l_] 
= al, we have 



P = 0, s = 0, r = 1, ^> = 0, Pi = -Q, si = 1, n 
Moreover, from [al,al~] = a[l, 1~] = 2al~, we have 



So, a is of the form 





* 


* 





* 


* 


* 





* 


* 


* 


Q 


* 


* 


* 


1 


* 


* 


* 





V 


* 


* 


t 



\qxq 



-Q 

-|<3-^(QxQ)0 

-I 

1 

\ + ^{Q,{QxQ)Q} 1^ 
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On the other hand, we have 

^1- = exp(0((^)_))exp(0(g_)) 

/ X Q ^ 

-Q 

t 

~2 



1" 



= al , 



and also we get 

61 = al, 61- = al- 
easily. Hence we see that 6-'^a € {{Es^y'''''^''^^''='\-^_ -^_ = (Er^)<^y,Ms,c) _ 
Therefore we have 

((^gC)<.,.',.o(8,c))^_ =exp(0(((«p^)d)_ ®C_))(S7^)^'''''^°^''^^. 
Furthermore, for ^ G (^Er^y^'^' '^°'^^''^'> , it is easy to sec that 

/3(exp(e(Q_)))/3-i - exp(e(/3g_)), /3((cxp(0(f_)))/3-i = cxp(0(t_). 

This shows that exp(6'(((<p^)d)_) © C_)) = exp(6>(((<P^)d)_) exp(0(C_)) is a 
normal subgroup of {{Es'")'^''^ ,^o{s,C)-j^^ Moreover, we have a split exact sequence 

1 ^ exp(6)(((<P^)d)- ©C_)) ^ ((£;8^)"''^''^''(^'^))i_ ^ (^^C)^,a',B<,(8,C) ^ 

Hence {{Es^')"^''' is a semi-direct product of exp(6'(((q3^)d)- ©C_)) and 
(Ef'^y'''''^''^^''^^: 

((^gC)a,a',.o(8,C))^_ ^ exp(0(((q}^)d)_ © (7_)) • 

exp(6>(((<p'^)d)- ©C_)) is connected and (Er'^)"'"''^"^^''^^ is connected (Theorem 
3.7), hence ((£'8<^)<^>'^'.«''(8.C'))i_ is also connected. □ 



For Rg es*^, we define a C-linear mapping R x R : e^^ 



es^' by 



{R X R)Ri = [i?, [R, Ri] ] + ^Bs{R, Ri)R, Ri e eg^ 
(where Bg is the Killing form of the Lie algebra Cs^) and a space by 



{Re Ch'^ \Rx R = 0,Rj^O}. 



Moreover, we define a subspace (W^' 



)aM',so(8.,C) 



of by 



{W^)a,<r',Bo(8,c) = {RgW^ \aR = R, a'R = R, [Rd, R] = for all D e so(8, C)}. 

Lemma 4.3. For R = {<l>,P,Q,r,s,t) G eg*^ satisfying aR = R,a'R = R and 
[Rd,R] = for all D e so(8,C),i? ^ 0, R belongs to (2U'^)ct,ct',5o(8,c) */ "^'^ oniy 
if R satisfies the following conditions. 

(1) 2s^ - P X P = (2) 2i^ + Q X Q = (3) 2r# + P X Q = 

(4) #P - 3rP - 3sQ = (5) $Q + 3rQ - 3iP = 

(6) {P,Q}-16{st + r^) = 

(7) 2(^P X Qi + 2P X -rPxQi-sQx Qi) - {P, = 
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(8) 2{^Q X Pi + 2Q X 4>Pi +rQxPi~tPx Pi)- {Q, Pi}<l> = 

(9) 8((P X Qi)Q - stQi - r^Qi - ^^Qi + 2r^Qi) + 5{P, Qi}Q - 2{Q, Qi}P = 

(10) 8((QxPi)P + siPi+r2Pi+^2p^^2r^Pi) + 5{Q,Pi}P -2{P,Qi}Q = 

(11) 18(ad^)2^i +Qx #iP - P X #iQ) + ^7(^,^1)^ = 

(12) 18(#i#P - 2^#iP - r^iP - s^iQ) + Br{^, ^i)P = 

(13) 18(#i#Q - 2#^iQ + r^iQ - WiP) + Bj{$, ^i)Q = 0, 

{where B-j is the Killing form of the Lie algebra z-j^) for all <?i e , Pi, Qi € . 

We denote the connected component of {Es'^)"''^ ,50(8, c) containing the unit 
element by ((P8^')"'"'-"''^-^^)o. 

Proposition 4.4. The group {{Es'^y'''' '^'''■^^'^^)o acts on (2B'^)a,<T',<,o(8,C) tran- 



Proof. Since a e (£;g'^)'^''^''«<'(8>C') leaves invariant the Killing form Pg of : 
BsiaRi, aPa) = Bs{Ri,R2), Rk e e8^,fc = 1,2, we have aP G {W^)a,a',Bo(s,c), 
for P G (21J'^)<T,<7',so(8,c)- In fact, 

(aP x aP)Pi = [aP, [aP, aPi] ] + {l/30)Bs{aR, Ri)aR 



This shows that (£;gC)'^.<^'.s''(8,c) ^^ts on {W^)a,a',Boi8,c)- We will show that 
this action is transitive. Firstly for Pi G eg*^, since 

(l_xl_)Pi = [l_,[l_,(<?i,Pi,Qi,ri,si,ti)]] + (l/30)P8(l-,i?i)l- 
= [l_,(0,0,Pi,-si,0,2ri)]+2sil_ 
= (0,0,0,0, -2si) +2sil_ 
= 0, 

[Rd,1-] = 0, 

wc have 1_ G (2H'^)cr,o-',so(8,c)- In order to prove the transitivity, it is suffi- 
cient to show that any clement P G (2U'^)cr,CT',so(8,C) can be transformed to 1_ G 
(2n^)a,<T',.a(8,C) by a certain a G (Es^y^-' ,M»,C) ^ 

Case (1). P = {$,P,Q,r,s,t),t^ 0. Prom (2), (5), (6) of Lemma 4.3, we have 



sitively. 



[Rd,Q.R] 



a[ [P, [P, a^^Pi] ] + (l/30)P8(i?, a"^Pi)Q;P 
a((P X R)a-^Ri 
0, 

a[a-^RD, R] = a[RD,R] = 0. 



^=-^Q xQ, P=- 
2t t 



Q--^{QxQ)Q, ^ = ~j 



+ 



{Q,{QxQ)Q}. 



Now, for e = 0(O,Pi,O,ri,si,O) G ©((eg'^)'"''^''^''^^'^^) (Lemma 4.1.(2)), we com- 
pute 6>"1_, 
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/ ((-2)"-' + (-l)")ri"-2Pi X Pi 

^ , /I -(-2)" , (-ir\„n 



((-2)"^ 



-)ri"-VPi + (- 



+ ^-^)ri"-^(Pi xPi)Pi 



((_2)" + (-l)"-i)ri"-iPi 



_((_2)"-2 + 2"-2)ri"-2si2 + 



V 



2U-2 _|_ (_2)""^ - (-1)""^ 
2 

(-2)"ri 



24 



ri"-*{Pi,(Pi xPi)Pi} 



Hence by simple computing, we have 
exp($(0,Pi,0,ri,si,0))l_ = (exp©)l_ = (^;^6)")l- 



1 



/ ^(e-^''i - 2e-''^ + l)Pi X Pi 



-^(-e-""-! - e'-i + e-"-! + l)Pi + 77^(-e-'''^ + e^^ + Se"''! - 3)(Pi x Pi)Pi 



2ri 



1 

r-i 



6ri3 
2ri ^ 



4ri2'" ' ~' ' gen" 



— ^e"^''! + e'''^ - 2) + T-^le""^ + e"^''! - 4e''i - 4e-''^ + 6){Pi, (Pi x Pi)Pi} 



{\i n = 



/(n) ,. /(ri) 

, means lim 



ri->0 n 



-2ri 



. Here we set 



Q = l(e-2-i-e-'-0Pi, r=;^(l-e-2'-0. * = e'^'^ 
ri 2ri 



Then we have 



(exp 6>)1_ = 



r 



1 



V 



t 96^3 



{Q,(QxQ)Q} 



P 

Q 

r 
s 



R. 



I 



Thus R is transformed to 1_ by (exp O)-^ e ((£;8^)''''"''"(*''^))o- 

Case (2). R = (<?>, F, Q, r, s, 0), s ^ 0. For A' = exp(0(o, 0, 0, 0, |, -|)) e 
((£;8C)'^.'-.^''(8>c'))g (Lemma 4.1.(2)), we have 

}!R = A'(#, P, Q, r, s, 0) = (#, Q, -P, -r, 0, -s), -s 7^ 0. 
So, this case can be reduced to Case (1). 

Case (3). R= P, Q, r, 0, 0), r^O. From (2), (5), (6) of Lemma 4.3, we have 
QxQ = 0, ^Q = -3rQ, {P,Q} = Wr^. 
Now, for O = 6>(0,Q,0,0,0,0) G ©((eg'^)'^'''''^''^^''^^) (Lemma 4.1.(2)), we see 
(exp 0)R = {^,P + 2rQ, Q, r, -Ar^, 0), -Ar^ ^ 0. 
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So, this case can be reduced to Case (2). 

Case (4). R = (<l>, P, Q, 0, 0, 0), Q ^ 0. Choose Pi G such that {Pi, Q} ^ 

0. For O = 0(0, Pi, 0,0, 0,0) e ©((eg'^)'"''"''^''^*''^)) (Lemma 4.1.(2)), we have 

(exp 0)P= (*,*,*, -i{Pi,Q},*,*). 

So, this case can be reduced to the Case (3). 

Case (5). R= (<?, P, 0, 0, 0, 0), P 7^ 0. Choose Qi e (q3'^)d such that {P,Qi} 7^0. 
For O = 6>(0,0,Qi, 0,0,0) e e((e8C)<^''^''^''(8.c)) (Lemma 4.1.(2)), we have 

(expe)P= (*,*,*, i{p,gi},*,*). 

So, this case can be reduced to the Case (3). 

Case (6). R = (^>, 0, 0, 0, 0, 0), ^ ^ 0. From (10) of Lemma 4.3, we have = 
0. Choose Pi G (q3'^)d such that ^Pi ^ 0. Now, for O = 0(0, Pi, 0,0, 0,0) G 
9{{t8'^)'''''''^°(^'^^) (Lemma 4.1.(2)), we have 

(exp ©)P = -<l>Pi , 0, 0, i {'I'Pi , Pi } , 0) . 

Hence this case is also reduced to Case (2). 

Thus the proof of this proposition is completed. □ 

Theorem 4.5. (£;,C).,a',.o(8,C)/((^gC).,a',.„(8,C))^_ ^ (W^)^^^, 
In particular, [E^'^Y''^ .«''(8,c) connected. 

Proof. The group (£;gC)'^.'^'.«°(8.<^) acts on the space (2B'^)a,£7'.st)(8.c) transitively 
(Proposition 4.4), so the former half of this theorem is proved. The latter half can 
be shown as follows. Since ((£;8'^)'^''^''^''*^'*^^)i_ and {W^)c,a' ,so{s.,G) are connected 
(Propositions 4.2, 4.4),we have that [E^'^Y^"' is also connected. □ 



5. Construction of Spin{8,C) in the group Sg*^ 
As similar to the group (£;gC')c7,a',so(8,c)^ ^^q^^ ^j^g ^^.^^^ ^^g^<T,<7',so(8) 

/p ^<T,<T^^io(8) _ ^ p (Ja = aa,a'a = aa', 1 
|afc^8 0(ij^)a = a0(P^)forall£>Gso(8) J' 

where so(8) = {fAY'"' ■ 

Proposition 5.1. The Lie algebra (es)'^''^''^''^^) ^y^/jg ^^^y^ (^^^y,a' ,5o{8) 
morphic so(8) and the Lie algebra (e8C)<T,a',so(8,c) ^j^^ g^^^^ (^^^Cy,a' ,bo{8,c) 
is isomorphic to so(8, C), that is, we have 

^^^y,a',M8) ^ so{8), (e8^)^'<^''^''(8'^) ^ so(8, C). 

Proof. (tsY'"' '^"'^^^ = so(8) is proved in [4]. The latter case is the complexification 
of the former case. □ 



Theorem 5.2. (^Es^yy,Bo{s,c) ^ Spin{8, C). 
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Proof. The group (^Es'")'^'''' '^"^^'"-^^ is connected (Theorem 4.5) and its type is 
so(8, C) (Proposition 5.1). Hence the group {Eg'-^y''' '^°(^''^') is isomorphic to either 
one of the following groups 

Spin{8,C), SO{8,C), SO{8,C)/Z2. 

Their centers of groups above are Z2 x Z2,Z2,1, respectively. However, we see 
that the center of (i!;g'^)<^.<^'>«''(8'C) has l,a,a',aa', so its center is Z2 x Z2. Hence 
the group (i;gC)<^.<^'.«''(8>C') j^g^^g Spin{8, C). □ 



{$,P,Q,r,s,t) e eg 



c 



> . 



6. The structure of the group {Es'^')"''' 
By using the results above, we shall determine the structure of the group {Es'^'^'^' 

{Es^yniEs^y. 

Lemma 6.1. The Lie algebras {cs'^y'^' of the groups {Eg'-^y'^' is given by 
= {Re ts'^ \aR = R, a'R = R} 

Q = {Z, W, (, uj),X,Y arc diagonal forms 
Z, W are diagonal forms, ^, 77, w, € C, 
r,s,t gC 
In particular, 

dimc((e8'^)'''''') = 37 + 8 x 2 + 3 = 56. 

Proposition 6.2. The group {{E^'-^Y''^ )\_ is a semi-direct product of 

exp(0(((«p<^)d) ® (7_)) and (^7^)"'"': 

((i?8^)"'^')i_ = exp(e(((^^)d) © C_)) • {E^^Y''^'. 
In particular, {{E^'^Y''^ )i- connected. 

Proof. We can prove this proposition in a similar way to Proposition 4.2. □ 

Wc denote the connected component of {Es'^'Y'" containing the unit element 
by ((£;8'')"'"')o. 

ibspac 

{W^)a,cT' ={RGQB^\aR = R, a'R = R}. 



We define a subspace of W'^ by 



Lemma 6.3. For R = {<P, P, Q, r, s, t) e Cs'~^ satisfying aR = R, a'R = R,R^ 
0,R belongs to (2n'^)o-,o-' if and only if R satisfies the following conditions. 
{l)2s^-PxP = (2)2i^ + QxQ = (l)2r# + PxQ = 
(4) #P - 3rP - 3sQ = (5) #Q + 3rQ - 3iP = 

(6) {P,Q}-16(st + r2) = 

(7) 2(#P X Qi + 2P X -rPxQi-sQx QY) - {P,Qi}^ = 

(8) 2(^Q X Pi + 2Q X ^Pi + rg X Pi - iP X Pi) - {Q, Pi}^ = 
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(9) 8((P X Qi)Q - stQi - r^Qi - $^Qi + 2r<PQi) + 5{P, Qi}Q - 2{Q, Qi}P = 

(10) 8((Q X Pi)P + siPi + r2Pi + <Z>2p, + 2r<Z>Pi) + 5{Q, PijQ - 2{P, QijQ = 

(11) 18(ad^)2^i + Q X #iP - P X #iQ) + £7(^,^1)^ = 

(12) 18(^i#P - 2^#iP - r^iP - s^iQ) + B^i^, ^i)P = 

(13) 18(^i^Q - 2^^iQ + r^iQ - t^iP) + Bj{$, ^i)Q = 

{where By is the Killing form of the Lie algebra Zi^) for all e 07*^, Pi,Qi G 

We denote the connected component of (£'8*^)'^''^ containing the unit element 

by ((£;8^)->-')o. 

Proposition 6.4. The group {{Eg,'"Y''' )o acts on {W^)^,^' transitively. 
In particular, {W'" )a,a' is connected. 

Proof. We can prove this proposition in a similar way to Proposition 4.4 by using 
Lemma 6.3. □ 

Proposition 6.5. (£8^)"'"7(('E8^)"'"')i_ - (20^)^,^'- 
In particular, (Eg^)^''^' is connected. 

Proof. The group (iJg'")'^''^' acts on (2U'^ )o-,cr' transitively (Proposition 6.4) , so 
the former half of this theorem is proved. Since ((-E's'')'^''^ )i_ and {W^)a,a' are 
connected (Propositions 6.2, 6.4), we have that {Es'")"''' is also connected. □ 

Theorem 6.6. (Pg^)"'""' = iSpin{8,C) x Spin{8,C))/{Z2 x Z2),Z2 x Z2 = 
{(l,l),(a,a)}x{(l,l),(a',a')}. 

Proof Let Spin{8,C) = (Es^)-^,^' ,M»,c) (Theorem 5.2) c (Es^)"'''' and Spin{S, 
C) = {Fi^Y^"' (Theorem 2.2) c {Eg^Y'"' . We define a mapping Lp : Spin{8,C) x 
Spin{8, C) ^ {Es^Y'^' by 

Since [Rd,R8] = for Rd € spin(8,C) = 50(8, C) = (e^c^y ,bo{s,c) ^^d ijg e 
spin(8, C) = ifi'^'Y''^ ■ 'W'^ sec that a/S = (ia. Hence (/? is a homomorphism. 
Kerup = Z2 X Z2. In fact, dimc(5pin(8, C) ©spin(8,C)) = 28 + 28 = 56 = 
6imc{{tgY''^ ) (Lemma 6.1), Ker^j is discrete. Hence Ker(/3 is contained in the cen- 
ter z{Spin{8,C) X Spin{8,C)) = z{Spin{8,C)) x z{Spin{8,C)) = {l,a,a',aa'} x 
{l,a,a' ,aa'}. Among them, (p maps only {{1,1), {a, a), {a' , a'), {aa' ,aa')} to the 
identity 1. Hence we have Kenp = {{l,l),{a,a),{a',a'),{aa',aa')} = {(1,1), (u, 
a)} X {(1,1), (cr'.cr')} = Z2 X Z2. Since (Es^Y'"' is connected (Proposition 6.5) 
and again from dimc((e8*^)'^''^ ) = 56 = dimc?(spin(8, C) spin(8, C)), wc see that 
ip is onto. Thus we have the required isomorphism (Ps'")'^'"^' — {Spin{8, C) x 
Spin{8, C))/{Z2 X Z2), Z2 X Z2 = {(1, 1), {a, a)} x {{1, 1), {a', a')}. □ 

7. Main theorem 

By using results above, we will determine the structure of the group {E^Y'^ 
which is the main theorem. 

Theorem 7.1. (£^8)'''''' = {Spin{8) x Spin{8))/{Z2 x Z2), Z2 x Z2 = {(1, 1), {a, 
a)}x{{l,l),{a',a')}. 
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Proof. For 5 e {EsY'"' = {{Es^y^)"'"' = {{E^^Y^'^'Y^ C {E^i'^Y^"' , there ex- 
ist a e Spm(8,C) = (£;8C')<^><^'-«<'(8,C) ^nd /3 e 5pm(8, C) _=_^(F4<=')'^''^' such 
that 5 = (p{a, [3) = a/3 (Theorem 6.6). From the condition tX6Xt = S, that is, 
TXip{a, /3)Xt = ip{a,j3), we have (p(rAaAr, r/3r) = <^(a, /3). Hence 

,., I rXaXr = a | rAaAr = era 



tI3t = P, [ T/3T = al3, 

rAaAr = fj'a .. , | rAaAr = aa' 

(iv < 

r/3r = cr'/3, I r;3r = crcr'/?. 



Case (i). The group {a e S'pin(8, C) | rAaAr = a} = {Spin{8,C)Y^ (which 
is connected) = (^(^E8^Y'''''^°^^''^^Y^ (Theorem 5.2) = (EsY'"' '^"^^^ and its type 
is so(8) (Proposition 5.1), so we see that the group {EsY'"^ '^"^^^ is isomorphic to 
either one of 

Spin(8), SO{8), SO{8)/Z2. 

Their centers are Z2 x Z2, Z2,l, respectively. However the center of (E^Y''^ .^"(s) 
has l,a,a' ,aa' , so the group {E^Y''^ '^'^^^^ has to be Spin{8) and its center is 
{1, (7, cr', (Tcr'} = {l,cr} X {IjO"'} = Z2 X Z2. From the condition r/3r = (3, we 
have (3 G {Spin{8,C)Y = {{Fi^Y'^'Y = {FiY'"' = Spin{8) ([3] Theorem 1.5). 
Therefore the group of Case (i) is isomorphic to {Spin{8) x Spin{8))/{Z2 x Z2). 

Case (ii). This case is impossible. In fact, set /3 = {Pi, 02, ^3), Pk € SO{8,C) 
satisfying {(3ix){B2y) = [3^{xy),x,y e C^. From the condition t(3t = a(3, we have 
(r/3i,r/32,r/33) = (/3i, -/32, -ft^)- Hence 

Tpi^Pi, t(32 = -I32, t/33 = -/33. 

From r/3i = j3\, we have j3\ e 50(8), hence ^2 is also [32 & SO{8) by the principle 
of triality. Then —^2 = t/32 = 02 which is a contradiction. 
Case (iii) and (iv) are impossible as similar to Case (ii). 

Thus we have the required isomorphism {EsY'"^ — {Spin{8) x Spin{8)) / {Z2 x 
Z2), Z2XZ2 = {(1, 1), (a, a)} X {(1, 1), (a', a')}. □ 
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